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The mel t ing  of f i ne ly -d i spe r sed  ground around a well  o r  borehole  is cons idered  t h e o r e t i -  
ca l ly ,  and a method is p roposed  for  the solution of this p rob lem.  

The intensive development  of m i n e r a l  s i t e s  in Siberia  and the F a r  North has  p r e s e n t e d  spec ia l i s t s  
with many  new p r o b l e m s .  One of the m o s t  impor tan t  of these  p r o b l e m s  is that  of  the the rma l  in te rac t ion  
between boreholes  or  underground workings  and the pe rpe tua l l y - f rozen  s t r a t a  Exis t ing  methods  of c a l -  
culat ing the heat  t r a n s f e r  between wel ls  o r  cyl indr ica l  workings  and f rozen ground [1-3] a r e  based  on the 
Stefan pr inc ip le ,  in which i t  is a s s u m e d  that  all  phase t rans i t ions  take place on the ze ro  i so the rm,  and the 
the rmophys ica l  p r o p e r t i e s  of the phases  a r e  independent of t e m p e r a t u r e .  These  a s sumpt ions  a r e  val id  for  
pure  ice and c o a r s e l y - d i s p e r s e d  f rozen  ground, such as  sand, but not for  f i ne ly -d i spe r sed  f rozen  ground 
such a s  c lays  and l o a m s .  In these  types  of ground, some  of the wa te r  (the f r ee  water)  f r e e z e s  (melts)  
sha rp ly  a t  0~ while the r ema in ing  w a t e r  (the bound or  combined wa te r  lying c lose  to the wal ls  of the 
cap i l l a r ies )  f r e e z e s  (melts)  ove r  a wide range  of negat ive  t e m p e r a t u r e s  [4]. One-d imens iona l  l inea r  p r o b -  
l e m s  of f reez ing  and mel t ing  in f i ne ly -d i spe r sed  softs  we re  solved in [5-7] with due al lowance for this fact .  
In this pape r  we shall  cons ider  the a x i s y m m e t r i c  p rob lem of the mel t ing  of f i ne ly -d i spe r sed  f rozen  ground 
around a borehole  or  cyl indr ica l  working,  and shall  p ropose  an approx imate  method of solving this p r o b -  
l e m .  

Le t  us suppose that  a flow of heat  c a r r i e r  at  a t e m p e r a t u r e  T O > 0 s t a r t s  pass ing  into a well  of rad ius  
a (Fig. 1) sur rounded by f rozen  ground with an initial  t e m p e r a t u r e  T M < 0. As a r e s u l t  of this act ion,  a 
me l t ed  reg ion  will a r i s e  c lose  to the wall ,  i ts  boundary gradual ly  expanding with t ime .  Cons ider ing  that  
the phase  t rans i t ions  take place  o v e r  the whole f rozen  zone and on the ze ro  i so the rm,  we m a y  wr i t e  the 
hea t -conduct ion  equation for  the f rozen  zone in the f o r m  

cr (T~) = - 7 -  ' dr ~ dr I ' - 

R e m e m b e r i n g  that  the t e m p e r a t u r e s  of f rozen  softs  usual ly  l ie  wtthinthe range  0 to- -5~ we may a s -  
suine that  the ice content  and the i ce -con ten t -dependent  t he rmophys i ca l  p r o p e r t i e s  of the ground v a r y  l i n -  
e a r l y  with t e m p e r a a t r e :  

i = i  o -{ u-T=, c z = c . ( O  ) I-k7~2, 7--,., ~,,z(O) i bL , .  

Le t  us t r a n s f o r m  to d imens ion less  va r i ab l e s  

r s- t- 7" i 7"~, 
r = = - - - -  s ; l - -  7"~-. : T ~ =  ; 

i-= 1,2. 
Thus  the heat -conduct ion  equat ion for  the f rozen  zone takes  the f o r m  

or.~ X,, 0 ( OTz) 
- �9 r ( 1  -1 -  OT~) , s ~ .  r < .o, (1 + gT~.) - -~  - -  ---7-- Or Or ] " 

T,[,.= 8 = 0; T2lt_ 0 = T~,; 

(1) 

(2) 
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Fig.  1. Ver t i ca l  sec t ion  of the well;  a 
i s  the rad ius  of the well ;  T O is  the t e m -  
p e r a t u r e  of the hea t  c a r r i e r  inside the 
wel l ;  T M is the initial  t e m p e r a t u r e  of 
the f rozen  ground; r ,  z a r e  the cy l ind r i -  
cal  coord ina tes .  

h e r e  

h e r e  

g ~7',, L (o) t. gru 
= - ; )'. = " ; b = 

c= (o) - l~v~,, ~,.a-' (~., (o) - t ~ )  g~ (o) 

The hea t -conduct ion  equat ion for  such a reg ion  has  the o rd ina ry  fo rm:  

. . . .  g l  " - -  ~ "  , 

Ol Or Or- J 

OTI r = l  ' '  
Or " - a(711~=~-- 1)' 

7',1,.=.~ = O; 

all,, . ~a 

)h 

This  s y s t e m  is comple ted  by adding the Stefan condition on the ze ro  i s o t h e r m ,  which in the p r e s e n t  

(a) 

(4) 

(5) 

case  r e f l e c t s  the absorp t ion  of the heat  a s soc i a t ed  with the phase  t r ans i t ion  of the f r ee  wa t e r :  

where  

�9 OT1 I OT., I ds 
- - a ~ -  Or---7- " , .=,,-i  ),.,. ~ ,=~ = dt ' (6) 

Zl(O) rut" �9 L, : ~" (0) Tot,, 
)q - p.,_lWua., " , . : 9.,lWoa.,_ 

In o r d e r  to solve the p rob l em  r e p r e s e n t e d  by Eqs.  (1)-(6), we make  use  of the method of succes s ive  
approx ima t ions  [3, 8]. The appl icat ion of this method to the p r o b l e m  of the mel t ing  of f rozen  ground around 
a well  in the Stefan se t t ing  y ie lds  r e s u l t s  agree ing  c lose ly  with the exac t  solution of [9]. In view of the fact  
that  the Stefan se t t ing  cons t i tu tes  a l imi t ing  case  of that  r e p r e s e n t e d  by the se t  of equations (1)-(6) (with g 
= b = 0) we should expect  that  the r e s u l t s  would ag ree  c lose ly  with the exac t  solution in this  ease  a lso .  

w e  seek  the solution to the p rob l em  (1)-(2) in the f o r m  

T.a =: T~ ~ -I-T~ t'. (7) 

The function T2(0) is defined as  the solution of the s t e a d y - s t a t e  p rob l em 

0 [ . ) OT~~ ] = 0. (8) 
~ r  [r(l -[-bT~ ~ Or J 

In view of the fac t  that  the condition lira T 2 = TM a r i s i n g  d i rec t ly  f rom the condition (2) cannot be 

the usual  p r o c e d u r e  of  introducing a rad ius  of t he rma l  in-  sa t i s f i ed  by any solut ion of Eq.  (8), we follow 
fluence R(t), at  which we have 

To. ],=n(O = TM' (9) 

OTo ] = 0. (10) 
OF r~R(t) 

Thus in o r d e r  to cons t ruc t  an approx ima te  solut ion we r ep l ace  the boundary condit ions (2) by the 
boundary  conditions 

T., [r=,r =: O, T~J,=n(tl : :  T~,. (11) 
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Fig. 2. T ime  dependence of the reduced radius  of mel t ing 
(a) and of the radius  of t h e rm a l  influence (b). 

The function T2 (0) may  be sought as a solution of the problem r ep re sen t ed  by Eqs.  (8) and (11); it 
takes  the form 

In r in ~ " r 

T~O) -= + V/" 2bpR ln rs -l- I lb ~-- Pln RS bp =2 s 
In - -  In 2 

8 S S 

where  p = TM(1 + (b/2)TM).  

(12) 

The la t t e r  t r ans format ion  a r i s e s  f rom the fact that the value of the product  pb [4] is such as  to make 
t e r m s  containing higher  powers  of this product  negligible. The function T2(1) is found by solving the p rob -  
l em 

aT(~ ~o 0 ( OT~I)~ 
(1 + g T ? ' ) ~  r(1 -l- bT~ 1)) (13) = r " ~T-  - O r ~ '  

T(O 2 r=s(t) = O, T~l)lr=n(t) == O. (14) 

On allowing for Eq. (12), we see c lea r ly  that the lef t -hand side of Eq. (13) is a known function of r ,  
s ,  R,  s ,  and R, and Eq. (13) may  eas i ly  be integrated,  giving the function T2(1) (r ,  s,  R, s, R). Substituting 
the resu l tan t  express ions  into (7) and sat isfying condition (1), we obtain a re la t ion  of the fo rm 

% (s, R, s, R)= o, 
s ~ d s  dR (15} 

l inea r  with r e s p e c t  to the der iva t ives .  The second re la t ion  for  these quantit ies may  be der ived  f rom con-  
dition (6). F o r  this  we assume T 2 ~ T2(~ T 1 ~ TI (~ where  TI(~ is a solution to the problem:  

The solution is 

1 OT~ ~ O"TI ~ 
- 7 - "  0 ~  [--~yj-r~ : 0 ,  (16) 

T[~ =: O, dT[~ [ : :  cr (T[O)[ ~=~ _ I). (17) 
"-W-I  ~=, 

coin r 
r~O) .... s 

1 1 cr In s " (18) 

On substituting these express ions  into Eq. (6) we obtain a re la t ion  of the form 

r R, s')= o. (19) 

Solving (15) and (19) with r e spec t  to the der iva t ives ,  we obtain a sys tem of two o rd ina ry  dif ferent ia l  equa-  
t ions of the f i r s t  o r d e r  

s = Xl~ ~ p  - - ,  (2o} s (1 q- ~ In s) -1- R 
sin 

s 

R=--~,oR ~"(1 + br~,) ~ s ( e l n s +  1) + - - - - g -  s In 
$ 
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4 4 ( <,:.-.+, ..,) 
)( Z,:=l In':-' R -P- 4R: ~ lniR__... \ln,-i ~ 4R' ln,:----R~__ ' 

S 8 8 S 

h e r e  
sb=  o = I; R h = .  = R . , ;  

l i t  = O, l.al ,= p: (b - -  g) -}- gbp a ~ p 
2 

lr ,  = p "  (b --  g) ..'~- g'bp "~ p , 122 = p 3 
4 2 2 - ~ -  p" (b - -  g) - -  gbp a, 

i1 a --43 " --'4-3 3 gb a . . . .  ( p ' - ( b - - g )  -!-gbpa), I.,a .... p"(b - - g )  + 
--7 p ,  

3 b a  3 I n -- - ~ -  g P , I04 = - -  ~ gbp 3, 
" 2 

K n = p ,  K ~ I = 0 ,  
Kl~ = p~ (b - -  g )  + p ,  K.. .  = - -  p ,  

3 3 
~q: ' :  7 -  (p~ q' --  g) --  g~'/':')' K..,a -.- ~ p~ (l, g), 

/(t~ . . . .  3gbp:', /C,a, = 3gbp:', 

R m  i s  the  p o s i t i o n  of  the  r a d i u s  of  t h e r m a l  i n f luence  a t  the  i n s t a n t  a t  w h i c h  the z e r o  i s o t h e r m  a p p e a r s .  The  
l a t t e r  quan t i t y  i s  found f r o m  the  equation T2(~ l r= l  = 0. F r o m  t h i s  we  o b t a i n  

R,,~ ::: exp ( - -T~ ja ) .  (21) 

Solv ing  the  s y s t e m  (20) by  m e a n s  of  a s t a n d a r d  c o m p u t e r  p r o g r a m  fo r  the  i n t e g r a t i o n  o f  s y s t e m s  of  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  we  o b t a i n  the  l aw  of  m o t i o n  of  the  z e r o  i s o t h e r m  s i t )  and  the  r a d i u s  of  t h e r -  
m a l  i n f luence  R( t ) ,  and  hence  the  t e m p e r a t u r e  d i s t r i b u t i o n s  in  the  m e l t e d  and  f r o z e n  z o n e s  a t  v a r i o u s  i n -  
s t a n t s  of  t i m e .  

Us ing  the  f o r e g o i n g  m e t h o d ,  we c a l c u l a t e d  the  h e a t - t r a n s f e r  p r o c e s s  b e t w e e n  a w e l l  and  f r o z e n  c l a y  
s o i l s  w i th  a t o t a l  i c e  con ten t  of  W 0 + WA = 0.57. We c o n s i d e r e d  t h r e e  c a s e s :  

1) 117 o =: 0.57, It." A - 0 ;  

2) W,,-= 0.47, u -= --0.05 deg -1, W a = 0. l; 

3) W~ : : 0.27, 7/ . . . . . .  0.15 deg -1, W a = 0.3. 

The  v a l u e s  o f  the  t h e r m o p h y s i c a l  c o n s t a n t s  w e r e  t a k e n  a s  fo l l ows :  

:= 1.279 W/m'deg, ~..,(()) - :  1.628 W/m.deg, C . ( 0 )  =: 2.13. I0  '~ J/kg.deg,  
<, 

k- , -0 .502 - I0  a J/kg'deg, b = : -  0.204 J/kg 'deg ; 

=:= 0.77, T O - :  25 C, 

t , , -  20 h, 9o -- 1500 kg/rn a, 

a ~ O. 14 m, Try, = - -2  "C, 

l = 334.9.10 a J/kg. 

T h e  f i r s t  c a s e  c o r r e s p o n d s  to the S te fan  s e t t i n g  ( cu rve  1, F i g .  2); the  s e c o n d  and t h i r d  a r e  d i s t i n -  
g u i s h e d  by  an  i n c r e a s i n g  p r o p o r t i o n  of  c o m b i n e d  (bound) m o i s t u r e  ( c u r v e s  2 and 3). 

The  r e s u l t s  of  o u r  c a l c u l a t i o n s  of  the  v e l o c i t y  of  the  m e l t i n g  b o u n d a r y  and the r a d i u s  o f  t h e r m a l  i n -  
f l uence  a r e  p r e s e n t e d  in F i g .  2 fo r  a l l  t h r e e  c a s e s .  

On a n a l y z i n g  t h e s e  c u r v e s ,  we  m a y  d r a w  the  fo l lowing  c o n c l u s i o n s :  the  g r e a t e r  the  p r o p o r t i o n  o f  
c o m b i n e d  m o i s t u r e ,  the  m o r e  r a p i d l y  does  the  m e l t i n g  b o u n d a r y  {zero  i s o t h e r m )  m o v e ,  and  the  m o r e  
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slowly does the boundary of lhermal influence progress .  Physically this may be explained in the following 
way. The velocity of the melting boundary is determined by the amount of ice transforming into water at 
this boundary. Whereas in the f i rs t  case (stefau setting) all the ice t ransforms into water on the zero i so-  
therm,  in the second and third cases some of the ice melts in the interval between the zero isotherm and 
the boundary of thermal ~nfluence. As a resul t  of this the amount of ice melting on the zero isotherm di- 
minishes and its rate of motion increases.  For the same reason the velocity of the boundary of thermal 
influence diminishes. 

a 

TM 
TO 
Pi, el, Zi, ai 

W0, WA 
i 
l 
t_o 
t 
r 

s 

N O T A T I O N  

is the radius of the well; 
is the initial temperature of the frozen ground; 
is the temperature of the heat ca r r i e r  in the well; 
are  the density, specific heat, thermal conductivity, and thermal diffusivity of the ground; 
is the heat- t ransfer  coefficient; 
are  the relative quantities of free and combined (bound) moisture;  
is the relative ice content; 
is the heat of the phase transition; 
is the time scale; 
is the time; 
is the cylindrical coordinate; 
is the temperature of the ground; 
is the radius of melting. 

S u b s c r i p t s  

i = 1, 2 denote the melted and frozen ground, respectively.  
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